First-Order Methods for Nonsmooth

Nonconvex Functional Constrained
Optimization with or without Slater Points

Zhichao Jia

School of Industrial and Systems Engineering
Georgia Institute of Technology
Joint work with Benjamin Grimmer

ISMP 2024
Montreal, Canada
July 22, 2024



Background
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Problem of Interest

Consider

{minxex f(x)

s.t. gi(x) <0, i=1,..,m

@ x: decision variable
@ X C R™ convex and closed set (not necessarily bounded)
@ f(x),gi(x): continuous and weakly convex (nonsmooth)

2/25



Background
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Weak Convexity of f and g;

u-Strongly Convex

Vx,x' € X and V¢ € 9h(x), 3u >0, h— 4|| - || is convex, or
equivalently

h(x') > h(x) +¢T(X' = x) + 5] = x|

p-Weakly Convex

Vx,x' € X and V¢ € dh(x), 3p > 0, h+ 5| - || is convex, or
equivalently

h(x') > h(x) + ¢T (X' = x) = E|lx’ = x|

A\
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Some Practical Scenarios

Nonsmooth and Weakly Convex Examples:
@ Objective function
e Phase retrieval: f(x) = 1. 3", |(a] x)? — b?|
e Blind deconvolution: f(x,y) = LS [(uTx)(v]y) — bj|
e Robust PCA: (X, Y) = | XYT — M|
@ Constraint function
o Smoothly Clipped Absolute Deviation (SCAD) regularizer
@ Classification Problems

@ Multi-class Neyman-Pearson classification
o Classification with fairness constraints
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Inexact Proximal Point Methods

For an unconstrained problem

, 1
e angming o {1060+ 5 b= 32
Extension to a constrained problem
. 1 2 1 2
Xt = argminyex 3 F00) + 51X =Xl | gi00) + 5 Ix = xlP < 7
@ «: Stepsize which depends on the weak convexity
@ 7: Feasibility tolerance, ||xk+1 — Xk|| > v2a7 implies

9i(Xk+1) <0
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Fritz-dohn (FJ) Stationarity

FJ Stationarity
A feasible x* is an FJ point if 3y € Ry, v* = (7, ..., i) T € RT,
Cr € Of(x*), (gi € 99i(x*), (15,7") #0 .

6 + 2oy Vi Cai € —Nx(x*), ~fgi(x*) =0, Vi=1,....m.

Approximate FJ Stationarity

(a) A feasible x is an e-FJ point if 39 € Ry, (1, ..., 7m) | € R,
(r € Of(x), Cgi € DgGi(X), Yimgyi = 1 _
dist(volr + Do 47iCg, —Nx(x)) <€, |yigi(x)| < Vi=1,..,m.

(b) A feasible point x is an (e, n)-FJ point if there exists an e-FJ
point x” such that || x — x’|| <.

.
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Constraint Qualification (CQ)

Mangasarian-Fromovitz Constraint Qualification (MFCQ)
Let A(x) = {i | gi(x) =0,i=1,...,m}. MFCQ holds at x* if
v € —Nj(x*) s.t. (v < 0 Vi € A(X*), V(g € Dgi(X¥).

@ MFCAQ indicates the existence of a Slater point

o-strong MFCQ

o-strong MFCQ holds at x if 30 > 0
v € =N (x), [Vl =1 s.t. (v < —o Vi € A(X),V(gi € Gi(X).
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Karush-Kuhn-Tucker (KKT) Stationarity

KKT Stationarity
A feasible x* is a KKT point if IX* = (A}, ..., ;)T € R,
Cr € Of(x*), Cgi € Dgi(x*)
G+ Do AiGgi € —Nx(x*),  Argi(x*) =0, Vi=1,..,m.

Approximate KKT Stationarity

(a) A feasible x is an e-KKT point if IX* = (A}, ..., \})T € R,
Cr € OF(x*), (gi € 0gi(x*)
diSt(Cf —+ 27;1 )\,'Cg,', —Nx(X)) <, |)\,'g,'(X)| < 62 Vi = 1, ey M.

(b) A feasible point x is an (e, n)-KKT point if there exists an
e-KKT point x” such that || x — x| <.

.
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Related Work and Outline

Related work:

@ Inexact proximal point methods in [Ma, Lin, Yang 2020] and
[Boob, Deng, Lan 2023]

Outline of our developments:
@ Attain KKT of FJ stationarity with or without CQ
@ Always feasible iterates
@ Not requiring boundedness of domain
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Double-loop Algorithm Structure

{minxeX f(x)

s.t. 9(x) := maxj—y . mgi(x) <0.

@ f(x) is p-weakly convex

@ g(x) is p-weakly convex if each g;(x) is p-weakly convex
@ fip =infyex f(X) > —oo and gp = infyex g(x) > —oc0

@ Forany x € X, ¢ € 0f(x), Cg € 09(X): [|G¢ll, ISgll < M

In each outer loop, we solve a (p — p)-strongly convex
functional constrained subproblem

mincex  Fi(X) := f(x) + 5l x — xul[?
s.t. Gk(x) == g(x) + §|Ix — x||? < 0.
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Inner Layer: Switching Subgradient Method (SSM)

minzez F(2)
s.t. G(z) <O0.

Definition

zis a (9, 7)-optimal solution if F(z) — F(z*) < dand G(z) < 7.

Algorithm The Switching Subgradient Method (SSM)

Input: 7 >0, T >0, 20 € Z, {a}
Set/I=0,J=10
fort=0,1,...,. T —1do
If G(zt) < 70 Zty1 = projz(2t — aCrt), Cre € OF(2t), | =
1U{t}; else: z;11 = proj(z: — ailat), Car € 0G(zt), J = JU{t}

end for 5 (1)
— Z,
()llt[)l]t: 227' - ‘iifféjzqufjl
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NonLipschitz Conditions

@ Previous convergence analyses on SSM [Lan and Zhou
2020, Ma, Lin, Yang 2020] assume uniform Lipschitz

continuity for both F(z) and G(z)
@ Uniform Lipschitz continuity NOT hold for our subproblems!

e Z can be unbounded
e F(z),G(z) are strongly convex
Consider the weaker nonLipschitz conditions [Grimmer 2019]:
V7 >0, 3Ly, L4 >0suchthatVzy € {z| G(z) <7},zo € {Z |
G(z) > 7},(F € OF(21), (g € 0G(2)
ICelI® < LG + Li(F(21) — F(2)),
I¢all® < L§ + L1(G(22) — G(2*)).

@ Subgradients bounded by suboptimality/infeasibility
@ F(z)and G(z) are Ly-Lipschitz when Ly =0

@ Allows F(z) and G(z) to grow quadratically when Ly > 0
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Convergence Results for SSM

Given oy = ,u(t-i-2)+L2$/[M(t+1)]’ 7> 0, Zg with G(zp) < 7, we attain

: : 812 212||zg—2z*||2
a (7, )-optimal solution when T > max {#T‘), V= o

For any feasible xx € X, the non-Lipschitz condition holds for
the subproblems with L2 = 9M? — 65gy, and L1 = 6p.

Corollary

i — — A _ 2
With 20 = Xi 11 =0 = P 0t = Gooyeayge i aEn) ™~ O

we attain a (7, 7)-optimal solution when

T > max { 24(3M2 — 25gp) /(7). \/ 7277 D% [(17) }
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Outer Layer: Proximally Guided Switching
Subgradient Method

Algorithm The Proximally Guided Switching Subgradient
Method
Input: 5 > max{p,1}, 7 > 0, 7',n,,e,, Xo € X with g(xp) < 0.
Setu=p—pand a; =

fork=0,1,...,do

Set xx1 as the output of SSM(7, Tinner, Xk, {at}t’""e’) for
the subproblem
end for

(P —P)(f+2)+m
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Boundedness of the Lagrange Multiplier

The o-strong MFCQ condition is satisfied for any subproblem.

Define D := \/—8gy/(p — p) as an upper bound for the

diameter of {x | Gx(x) < 0}

Under Assumption 1, the optimal Lagrange multipliers for the
subproblems are unlformly upper bounded by

B=M

0'
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Feasible Sequence of Iterates

{ i 4([)(;;; )Ep)

96/(25—p)(BM2—~2pg)  [288/°(2)—p)DP
Try = ma { SAELTACE20ae), | JEEEELAEY

__ (p-p)?
{TKKT = (BRH27)

96(1+B)2(2)— p )(3M*—25g5) \/288(1+B)2ﬁ3(2ﬁ—p)02}

Tkt = max{ (h—p)? (p—p)2e?

(a) For any p > max{p, 1} with 7r; and Tg,, we guarantee
9(xx) < 0 before xi is an (¢, €)-FJ point;

(b) Under Assumption 1, for any p > max{p, 1} with 747 and
TkkT, we guarantee g(xx) < 0 before x is an (e, €)-KKT point.

= = =
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Overall Convergence Results

Theorem: FJ Stationarity

For any p > max{p, 1} with 77y € O(€?) and Tgy € O(1/€?), we
attain an (e, €)-FJ point for the original problem in K € O(1/¢?)
outer iterations.

Theorem: KKT Stationarity

Under Assumption 1, for any 5 > max{p, 1} with 77 € O(€?)
and Tyxr € O(1/€2), we attain an (e, €)-KKT point for the
original problem in K € O(1/¢?) outer iterations.

.

With or without Slater points, we attain the approximate FJ or
KKT stationarity in O(1/¢*) subgradient evaluations.
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Sparse Phase Retrieval under SCAD Constraints

Consider the experimental example:

{minxeX f(x) = & 2l (8] x)? — b7

st g(x) =X s(x)-p<0.
The SCAD function is defined as
2’X,'| 0 < ‘X,'| < 1,
s(x) =4 —x2+4x| -1 1< |x| <2,
3 |xi| > 2.

@ X=[-10,10]", m=120, n=120
@ Aec R™N x* € R", noise n € R™ randomly sampled
@ b7 = (Ax*)? 41
@ p € [0,3n) controls the sparsity
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SCAD Function and Constraint Qualification (CQ)

1D SCAD function and seven 3D SCAD level sets with
p€{25,35,4555,65,7.58.5}:

@ A Slater point exists for all the subproblems if and only if p
is a multiple of three!
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SCAD Function and Constraint Qualification (CQ)

Small and large values of p:

50

5

00

0

Lagrange multipliers at approximate stationary points
Lagrange multipliers at approximate stationary points

0 o TT——
60 70 80 90 100 110 120 300 305 310 315 320
p

@ Over 30 independent replicates, approximately 5% has the
Lagrange multipliers diverge when p is a multiple of three
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Evaluate Stationarity and the Lagrange Multipliers

Evaluate the Stationarity:

@ |lvkol + kCokll = Pl X1 — Xkl = Al Xkr1 — Xkl

@ ||+ ACgrll = (1+ M)Al Xk1 — Xeell & (14 M)Al X1 — Xkl
Evaluate the Lagrange multipliers:

ZtelFaTCﬁ + Ztgg/Fatht - Zte/FatCFt + ZtglFatCGt

Ztai Ztai
Xk = Xkt Xk — Xkt 0
>t PIFLT
° _ telg Xt L tglp N\ A Drgle O
Tko ~= Ztal ) Tk ~ Zt o ~

telp ¢t
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Experimental Results
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Experimental Results

K=103T =10% p=91:
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Experiments
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Experimental Results

K =108, T = 10% p = 320:
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Summary

@ Convergence guarantee for KKT or FJ stationarity with or
without Constraint Qualification

@ Always feasible iterates

@ Convergence guarantee without requiring domain
compactness

Reference: Z. Jia and B. Grimmer, First-Order Methods for
Nonsmooth Nonconvex Functional Constrained Optimization
with or without Slater Points, arXiv Pre-print 2212.00927.
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